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Application of non-Newtonian Power-law ﬂuids (e.g. polymeric solutions) for production
enhancement in petroleum reservoirs has increased over the last three decades. These ﬂuids are
often injected as viscous solutions to improve mobility ratio and enhance oil recovery during
chemical ﬂooding. As part of the ﬂooding operation, surfactant (or micellar) solutions are ﬁrst
injected at the leading edge of the ﬂood to reduce interfacial tension between water and oil.
Subsequently, a slug of polymer solution is injected ahead of normal water to increase viscosity of
the water, improve volumetric sweep efﬁciency and accelerate oil production. Analysis of pressure
tests conducted pre and post injection, to evaluate mobility of these ﬂuids, is more demanding than
conventional techniques, which were developed strictly for Newtonian ﬂuids. In naturally-fractured
reservoirs, ﬂow of non-Newtonian ﬂuids is more complex due to fracture-matrix interaction which
is usually resonated in the pressure footprints. Some models have been developed to aid inter-
pretation of pressure tests, but boundary effects on down-hole measurements due to structural
discontinuity and presence of an active aquifer, have not been thoroughly investigated.
This article presents an analytic technique for interpreting pressure falloff tests of non-
Newtonian Power-law ﬂuids in wells that are located near boundaries in dual-porosity reser-
voirs. First, dimensionless pressure solutions are obtained and Stehfest inversion algorithm is used
to develop new type curves. Subsequently, long-time analytic solutions are presented and inter-
pretation procedure is proposed using direct synthesis. Two examples, including real ﬁeld data
from a heavy oil reservoir in Colombian eastern plains basin, are used to validate and demonstrate
application of this technique. Results agree with conventional type-curve matching procedure. The
approach proposed in this study avoids the use of type curves, which is prone to human errors. It
provides a better alternative for direct estimation of formation and ﬂow properties from falloff data.
Copyright © 2015, Southwest Petroleum University. Production and hosting by Elsevier B.V. on
behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The ﬂow of non-Newtonian ﬂuids through porous media has
continued to attract interest among investigators. Recent ad-
vances in ﬂuid ﬂow through petroleum reservoirs have expandedbi).
troleum University.
ier on behalf of KeAi
niversity. Production and host
creativecommons.org/licenses/bexisting knowledge in application of non-Newtonian ﬂuids in
enhanced oil recovery by polymer injection. Polymer ﬂooding
provides improved mobility control over conventional water
ﬂooding, thus offering better volumetric sweep efﬁciency [1,2].
Moreover, heavy (waxy) crude oil have been characterized as
exhibiting non-Newtonian ﬂow behavior [3e6]. Unlike Newto-
nian ﬂuids (e.g. water), ﬂow modeling of this class of ﬂuids
through porous formations is very complicated. Previously, the
behavior of this special ﬂuids have been investigated through
experimental and theoretical studies [7e13]. Field application of
non-Newtonian ﬂuids in pressure falloff tests has been reported
previously [14e16,2,17,18]. Pressure falloff data acquired during
ﬁeld-scale testing are important data used for evaluatinging by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is an open
y-nc-nd/4.0/).
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major challenge and investigations are still evolving in this area of
study.
When ﬂuids ﬂow through porous rocks, pressure behavior
depends on ﬂuid rheology, reservoir architecture, reservoir type
and condition at the wellbore (Fig. 1). Theoretically, petroleum
reservoirs are classiﬁed on the basis of geological complexity as
homogeneous (single-porosity) andheterogeneous (dual-porosity
or naturally-fractured systems and triple-porosity or vuggy sys-
tems) reservoirs. Well test analysis involving the ﬂow of Newto-
nian ﬂuids in single- and double-porosity reservoirs have been
studied extensively [19e26]. For non-Newtonian ﬂuids, only
limited studies [27,15,28e36] have been conducted. None of these
studies investigated the impact of reservoir boundaries (e.g. faults,
aquifers etc.) on pressure behavior of these ﬂuid systems under
ﬂowing condition in porous media. Procedure for analyses of
pressure falloff data for such systems is important sincemostwells
are drilled either close to a fault or near an active aquifer. Although
ﬁeld tests [14,18] have shown this trend, interpretation techniques
are scarce; hence the need for further studies.
Fig. 2a illustrates the typical logelog plot of pressure deriva-
tive vs time for Newtonian and non-Newtonian ﬂuids in single-
porosity and dual-porosity reservoir systems. Recently, Ref. [37]
presented models for radial ﬂow of non-Newtonian Power-law
ﬂuids in a well located near boundaries in homogeneous (single-
porosity) reservoirs. Models for interpreting transient tests of
non-Newtonian ﬂuids in dual-porosity bounded reservoirs are
yet to be developed. Fig. 2b shows an actual logelog plot of
pressure and pressure derivative ﬁeld data obtained from a fully-
penetrated heavy oil well in the Colombian Eastern plains basin
[14]. This falloff data serves as the major motivation for this
study. Initial attempt to match and interpret this data with non-
Newtonian Power-law type curve developed for bounded and
homogeneous reservoirs [37] was unsuccessful. Therefore, the
data was re-evaluated and we observed two important features.
Firstly, the data points that follow the early-time wellbore stor-
age (WBS) and skin-dominated ﬂow regime are discontinuous.
For a single-porosity inﬁnite-acting ﬂow, data points would
normally lie on line XX’. Instead, we noticed a ‘trough’ which is
characteristic of naturally-fractured reservoirs (NFR). Fig. 2c
shows another pressure falloff data obtained after conducting
polymer injection in a Middle Eastern ﬁeld [18]. In this case, no
trough is present which suggests a homogeneous reservoir.Fig. 1. Factors inﬂuencing pressure behaviorUsing single-porosity non-Newtonian ﬂuid model, this data was
successfully interpreted in another article by Ref. [37]. For NFRs,
the line YY0 in the trough of the derivative plot has a unit slope
[38,21]. This line is not the same as late-time unit-slope line
which signals pseudo-steady state ﬂow regime for boundary-
dominated ﬂow (BDF) in closed reservoir systems. As shown
on the ﬁeld data, the slope of this line is 0.86, which, for all
practical purposes, can be approximated as 1 because the data on
this line occur at early time (between 0.5 and 1.5 h) for short
duration (1 h) and the variance between 0.86 and 1 could be due
to data quality and/or non-Newtonian effect. Had the dual-
porosity unit slope line occurred at late time, approximation of
0.86 as 1 would have been invalid. Secondly, the line XX0, which
represents a single-porosity inﬁnite-acting ﬂow regime, is not
horizontal (i.e. constant derivative value) as would be expected
of a single-porosity derivative plot for Newtonian ﬂuids. A
similar observation is visible in Fig. 2c. The slanted line XX0 in-
dicates a non-Newtonian ﬂuid behavior whose ﬂow index can be
estimated from the slope of the line. It turns out that ﬂow index
is a function of the slope of the inﬁnite-acting line (as shown in
Section 3. of this article). In addition, the decline in pressure
derivative at late time indicates a constant-pressure boundary.
As a result of the preceding analysis, we were motivated to
hypothesize a dual-porosity reservoir system with constant-
pressure boundary. Therefore, appropriate model (based on
Warren and Root [26] model) was formulated to match and
interpret this data. Dimensionless pressure solutions in Laplace
domain were obtained for radial ﬂow of non-Newtonian Po-
wer-law ﬂuids in bounded dual-porosity reservoirs. These solu-
tions were numerically inverted using Stehfest [39] algorithm
and type curves were subsequently developed. Furthermore, a
direct synthesis scheme is presented for estimating formation
properties from long-time real-space analytic solutions. A type
curve developed from this study perfectly matched the ﬁeld data
presented in Fig. 2b and direct synthesis technique was suc-
cessfully used to interpret the data.
2. Equation for non-Newtonian ﬂuid ﬂow in NFRs
2.1. Model assumptions
Fig. 3 illustrates the well model adopted in this study. To
simplify the problem, the following assumptions are made:of ﬂuids ﬂowing through porous rocks.
Fig. 2. LogeLog plot of: (a) diagnostic pressure derivative signatures for Newtonian and non-Newtonian ﬂuids in single-porosity and dual-porosity reservoirs; (b) pressure
and pressure-derivative ﬁeld data from heavy oil well in the Colombian Eastern plains basin [14]; (c) pressure and pressure-derivative ﬁeld data from polymer ﬂooding in a
Middle Eastern ﬁeld [18].
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O. Omosebi et al. / Petroleum 1 (2015) 318e341 321 Radial ﬂuid ﬂow in the wellbore
 Laminar and Darcy's ﬂow
 Isothermal, single phase, and slightly compressible ﬂuid with
constant properties
 Heterogeneous and isotropic system
 Fluid ﬂow from matrix to fracture is pseudo-steady
 Inﬁnite, no-ﬂow, and constant-pressure outer boundaries
2.2. Equation
Olarewaju [33] ﬁrst presented the partial differential equation
(PDE) governing radial ﬂow of non-Newtonian ﬂuids in dual-
porosity (i.e. naturally-fractured) reservoirs and the following
dimensionless groups were used to linearize the PDE.
8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
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As discussed in Appendix A, the original linearized PDE is
modiﬁed to:
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Where, b ¼ 23n and v ¼ 1n3nFig. 3. Model well for pressure falloff te2.3. Initial and boundary conditions (IBC)
The following initial and boundary conditions (i.e. inner and
outer boundary conditions) are frequently encountered in pe-
troleum reservoirs.
2.3.1. Initial condition
PDðrD;0Þ ¼ 0
2.3.2. Inner boundary conditions
 Wellbore storage-dominated ﬂow
CD
vPw
vtD


rD
vPD
vrD

rD¼1
¼ 1 (4)
 Near-wellbore formation damage or skin effect
Pw ¼

PD  s

rD
vPD
vrD

rD¼1
; tD >0 (5)
2.3.3. Outer boundary conditions
 Inﬁnite system
PDð∞; tDÞ ¼ 0 (6)
 No-ﬂow boundary system

vPD
vtD

rD¼reD; tD
¼ 0 (7)st of non-Newtonian ﬂuid in NFRs.
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PDðreD; tDÞ ¼ 0 (8)2.4. Solutions
In Appendix B, particular solutions (in Laplace space) are
presented for the IBCs above. In Appendix C, inversion is carried
out at large times using approximate series expansion. It is
shown in these appendices that the solutions are consistent with
previous studies when special cases are investigated. For the
inﬁnite outer boundary case,8>>>>><
>>>>>:
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(9)At large times, inversion of the non-Newtonian dual-porosity
Laplace solution (Appendix C) yields:8>>>>>><
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(10)Where,
fu;l ¼ ð1 uÞ
2
2l
; ns1
s in Eq. (10) is the skin factor (a measure of the degree of for-
mation damage),3. Development of type curves
To develop type curves for non-Newtonian ﬂuid ﬂow through
bounded dual-porosity reservoirs, Stehfest [39] algorithm is used
to numerically invert the Laplace space solutions presented in
Appendix D (i.e. Eqs. D-3 and D-12). First, dimensionless pres-
sures and pressure derivatives were computed and compared
with previous studies as shown in Figs. 4 and 5. Using
CDe2s¼ 108, Fig. 6 presents the pressure derivative vs time plot at
different ﬂow behavior index (n) for a well located near single
fault. Clearly, pressure drop increases as ﬂow behavior index (n)
decreases, especially at large times. Furthermore, boundaryeffects are delayed as n decreases. In addition, all straight lines
drawn through the inﬁniteeacting lines intersect line tD/
CD ¼ 1 at pressure derivative value of 0.5 (approximately). This
was previously observed by Ref. [28] as well as Ref. [37].
In the inﬁnite-acting ﬂow regime, slope (v) of the pressure
derivative versus time log-log plot can be used to estimate ﬂow
behavior index (n) using the expression deﬁned for v in Eq. (3).
From the plot, Eq. (11a) gives the straight line equation. Appli-
cation of this equation in estimating ﬂuid mobility is well
explained by Ref. [28]. Presence of structural faults is observed
after the radial ﬂow (inﬁnite-acting ﬂow) regime. This is iden-
tiﬁed by the second lines which are parallel to the inﬁnite-acting
lines and intersecting line tD/CD ¼ 1 at pressure derivative valueof 1.0 (approximately). Eq. (11b) is the straight line equation for
these lines. This equation shows that the logelog plot of pressurederivative versus time will produce a straight line with slope v
which can be used to estimate ﬂow behavior index (n) if the test
is conducted long enough to observe this fault line.
In Figs. 7e9, pressure and pressure derivative vs time plots
are shown for a well located near single fault at different
dimensionless storage coefﬁcient (u), interporosity ﬂow
parameter (l) and dimensionless fault distance (rD), respectively.
The dimensionless storage coefﬁcient and interporosity ﬂow
parameter have signiﬁcant impact on pressure behavior at early
time before the commencement of inﬁnite-acting ﬂow regime.
At late period, the effects of these parameters are negligible. In
addition, the location of the fault determines when its presence
is felt at the well. Besides, radial ﬂow regime in highly hetero-
geneous reservoir may be masked if the boundary is too close to
the well. In Fig. 10, type curves are presented for a well located
near two intersecting faults at 45 and 90 angles of inclination.
Late-time pressure derivative footprints show the effect of angle
of inclination between faults. Similar to the inﬁnite-acting lines
(which converges at pressure derivative value of 0.5) and closest
Fig. 4. Comparison between this study and previous studies for single-porosity reservoirs.
Fig. 5. Comparison between this study and previous studies for double-porosity reservoirs.
Fig. 6. Characteristic lines for a well located near single fault when CDe2s ¼ 108, u ¼ 0.03, l ¼ 0.0001, and rD ¼ 2000.
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Fig. 7. Non-Newtonian type curve for well located near single fault at CDe2s ¼ 108, l ¼ 0.0001, rD ¼ 2000 and different dimensionless storage coefﬁcient (u).
Fig. 8. Non-Newtonian type curve for well located near single fault at CDe2s ¼ 108, u ¼ 0.03, rD ¼ 2000 and different interporosity ﬂow parameter (l).
Fig. 9. Non-Newtonian type curve for well located near single fault at CDe2s ¼ 108, u ¼ 0.03, l ¼ 0.0001 and different dimensionless distance of the fault line (rD).
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Fig. 10. Non-Newtonian Type Curve for well located near two intersecting faults at 45 and 90 (CDe2s ¼ 108, u ¼ 0.03).
O. Omosebi et al. / Petroleum 1 (2015) 318e341 325fault lines (which converges at pressure derivative value of 1.0),
all pressure derivative straight lines constructed through the 45
and 90 faults will intersect line tD/CD ¼ 1 at pressure derivative
values of 4.0 and 2.0 respectively. The corresponding straight line
equations on pressure derivative logelog plot are Eqs. (11c) and
(11d).
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For awell located near constant-pressure boundary (e.g. a large
aquifer), Fig.11 shows the pressure and pressure derivative vs timeFig. 11. Non-Newtonian type curve for well located near constant-pressure boundarplots at different ﬂow index (n) and CDe2s ¼ 108. Reminiscent of
previous result (Fig. 6), pressure drop increases with test duration
as n decreases. Furthermore, constant-pressure boundary effect is
delayed as the degree of non-Newtonian behavior increases (i.e. as
n decreases). In Figs. 12e14, pressure and pressure derivative vs
time plots are presented for well located near constant-pressure
boundary at different dimensionless storage coefﬁcient (u),
interporosity ﬂow parameter (l) and dimensionless fault distance
(rD), respectively. Similar to previous results (Figs. 7e9), u and l
have negligible effect on pressure behavior at late period while
proximity of the aquifer to the observation well determines late-
time pressure response. Also, Fig. 15 shows the pressure and
pressure derivative behavior at different CDe2s.4. Formulation of analytic model by direct synthesis
Direct synthesis technique identiﬁes unique ﬂow regimes on
pressure derivative curves and applies these ﬂow regimes to
develop analytic equations for estimating formation and ﬂuidy at different ﬂow Index and CDe2s ¼ 108, u ¼ 0.03, l ¼ 0.0001, and rD ¼ 2000.
Fig. 12. Non-Newtonian type curve for well located near constant-pressure boundary at CDe2s¼ 108, l¼ 0.0001, rD ¼ 2000 and different dimensionless storage coefﬁcient (u).
Fig. 13. Non-Newtonian type curve for well located near constant-pressure boundary at CDe2s ¼ 108, u ¼ 0.03, rD ¼ 2000 and different interporosity ﬂow parameter (l).
Fig. 14. Non-Newtonian type curve for well located near constant-pressure boundary at CDe2s¼ 108,u¼ 0.03, l¼ 0.0001 and different dimensionless distance of the fault line (rD).
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Fig. 15. Non-Newtonian type curve for well located near constant-pressure boundary at u ¼ 0.03, l ¼ 0.0001, rD ¼ 2000 and different CDe2s.
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long-time solutions to develop a scheme for interpreting pres-
sure falloff data of non-Newtonian ﬂuids in bounded and
naturally-fractured reservoirs.
4.1. Long-time solution
Using approximate series expansion, long-time Laplace
inversion is presented in Appendix C.
4.1.1. Matrix ﬂuid mobility
By substituting the dimensionless terms into Eq. (10c), we
arrived at:
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Eq. (13) is the same equation that was previously presented
by Ref. [28]. Equations similar to Eq. (13) can also be derived
using the long-time approximate real-space pressure derivative
solutions presented in Appendix C for a well located near faults
in an inﬁnite system. This is especially useful for interpreting
falloff tests if inﬁnite-acting radial ﬂow regime is distorted but
nearby fault signatures are well-deﬁned.4.1.2. Skin factor
Substitution of the dimensionless terms into Eq. (10a) yields:ph
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For single-porosity reservoirs, the following equation, which
was presented by Ref. [28]; can be derived from Eq. (14):
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4.2. Pressure solutions for a well near boundaries in inﬁnite
system
By combining real-space solutions (as presented in Appendix
C) with superposition principle, Appendix D presents the deri-
vation of the following long-time solutions for bounded dual-
porosity reservoirs:
4.2.1. Well located near a single fault
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For homogeneous (i.e. single-porosity) systems, the equations
above will reduce to solutions that were previously presented by
Ref. [37]:
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2
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vb
tvD
; (18)4.2.2. Well located near two faults intersecting at angle q
tD* _P
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wD¼ðNþ1Þ
"
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
b
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##
;
(19)
Where,
N ¼ 360
q
 1
From the pressure derivative plot in Fig. 10,
8>>>>><
>>>>>:
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CF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r
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t*DP0w

qF
t*DP0w

r
¼ 360

q
q ¼ 360

t*DP0w

r
t*DP0w

qF
¼ 180
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CF
t*DP0w

qF
; (20)
Where,4.2.3. Well located near constant-pressure boundary
_PwDðrD; tDÞz
1
v

b
2
bþv
r
2v
b
D  1

; (21)
In strong aquifer systemwith well-deﬁned external boundary
effect, substitution of the group terms for each dimensionless
variable will result in Eq. (22). This equation is useful in esti-
mating radius of investigation of the water bank.
rinv ¼ rw
2
642v
b
ðDPwÞCP
q
2ph
n 
meff r1nw
kr
!þ 1
3
75
b
2v
(22)
Where,
ðDPwÞCP ¼ constant pressure value on the pressure
vs time log­log plot
Fig. 16. (a) Well near two intersecting faults; (b) Top view; (c) Image technique.
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Fig. 16 illustrates an observation well that has been drilled
close to two intersecting faults. Applying image technique, a fault
located at distance dF to the well can be modeled as an image
well stationed at a location that is twice the distance (i.e. 2dF)
from the producing well (Fig. 16c).dF1 ¼
rw
2
2
4vb
2
ðbþvÞ24B1
v
 
k
meff
!v
 B2
b
 
k
meff
!b
 B3ðvþ 2bÞ
 
k
meff
!4.3.1. Closest fault
Pressure drop at the image well due to pressure perturbation
at the real (observation) well will be zero (i.e. PD(rD,tD) ¼ 0).
Therefore, it can be shown that:ðvþ2bÞ35
3
5
b
2v
(23)
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wWhere tinf ¼ inﬂection time between inﬁnite-acting radial ﬂow
regime line and the closest fault
Eq. (23) is useful for estimating distance from the observation
well to the closest fault. For non-Newtonian ﬂuid ﬂow in single-
porosity reservoirs, fu,l ¼ 0 and B2 ¼ B3 ¼ 0. The following
equation can be derived:
dF1 ¼ bb2b1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2
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In oil ﬁeld units,
dF1 ¼ 0:0122bb2b1
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For Newtonian ﬂuid ﬂow in single-porosity reservoirs, n ¼ 1
(i.e. v ¼ 0, b ¼ 1), and Eq. (25) reduces to the well-known classic
model that was presented by Ref. [40]:
dF1 ¼ 0:0122
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ktinf
∅meff ct
s
(26)
Therefore, Eq. (24) is the generalizedmodel for estimating the
distance of the nearest fault.4.3.2. Second fault
For the second fault, the following equation is presented in
Appendix D:PDðrD;tDÞ¼ðNþ1Þ
"
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bApplying image technique, the distance to the second fault is:
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Eq. (29) also provides a good estimate. The inﬂection time in
this equation is taken between the closest and second faults.
dF2 ¼ 0:0122

q
360

bb2b1
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Where tqinf ¼ inﬂection time between closest and second faults5. Applications
A number of enhanced oil recovery (EOR) projects are being
undertaken to recover heavy hydrocarbon resources in uncon-
ventional plays such as heavy oil sands and tar sands. Conven-
tional Newtonian ﬂuid-based well test models are not suitable
for analysis of pressure transient tests due to the ﬂow behavior of
this heavy ﬂuid, In addition, power-law ﬂuids (e.g. micellar,
surfactant and polymer solutions) are injected into petroleum
reservoirs for efﬁcient volumetric sweep of oil. As a result of the
unique ﬂow characteristics of these ﬂuids (non-Newtonian
behavior), formation evaluation through interpretation of pres-
sure transient data is still a challenge. Most procedures ofv GðvÞtbD
bGðbÞGðbÞþ
fu;lGðvÞtðvþ2bÞD
ðvþ2bÞGðbÞG½ðvþ2bÞ
!#
 b
2v
 
1þ
XN
i¼1
r
2v
b
Di
!
(27)
Table 1
Input reservoir, well and ﬂuid data for hypothetical pressure falloff test.
Reservoir data
Porosity, Ø (%) 10
Formation thickness, h (m) 15.24
Skin factor, s 10
Permeability-viscosity ratio, k/meff (m1.6/Pa.sec0.6) 1.3  109
Distance to the closest fault, dCF (m) 100
Distance to the farthest fault, dFF (m) 600
Angle between faults, q () 60
Well data
Wellbore radius, rw (m) 0.1
Dimensionless wellbore storage coefﬁcient, CD 2
Fluid data
Flow behavior index, n 0.6
Total compressibility, ct (Pa1) 1.45  109
Flow rate, q (m3 s1) 0.000368
Formation volume factor, B (rm3/stm3) 1
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developed in this study provide a means of estimating test
duration required to observe a particular ﬂow regime that is
essential for estimating reservoir, ﬂuid and ﬂow characteristics.
Two example problems are solved using the proposed procedure.
This includes simulated data and real ﬁeld case study from a
fully-penetrated heavy oil well in the Colombian Eastern plains
basin [14].
5.1. Simulated case study
This is a simulated falloff test for a well located between two
intersecting faults (Fig. 16). An assumed input data is used to
generate the pressure and pressure derivative using Eqs. (10a)
and (10c). Our goal is to reproduce these input data using our
analytic model. Assumed reservoir, well and ﬂuid data are pro-
vided in Table 1 while Fig. 17 presents the pressure and pressure
derivative logelog plot. We begin by analyzing this data using
type curve matching technique. Subsequently, the technique
presented in this work is applied to estimate wellbore storage
coefﬁcient, ﬂuid rheology, permeability-effective viscosity ratio,
skin, distance of the two faults from the well and angle of
intersection between these faults. Results from bothmethods are
then compared.Fig. 17. Pressure and pressure derivative l Type curve matching technique.
Several type curves, similar to Fig. 10, were generated until a
matching curve is obtained. The type curve that matches (Fig. 18)
the simulated data was generated with CDe2s z 109, n ¼ 0.6,
u ¼ 0.03, l ¼ 0.00005, rDf1 ¼1100, rDf2 ¼ 6200. A match point is
selected on the inﬁnite-acting line with the following data:
PD ¼ 29, (DPw)r ¼ 6 * 106 Pa, (t)r ¼ 3 * 104 sec
At. tDCD ¼ 1; t ¼ 0:1
Formation and ﬂuid properties are computed using equations
presented by Ref. [28].
Matrix ﬂuid mobility,
k
meff
¼
 q
2ph
n
r1nw

PD
DPw

match
k
meff
¼

0:000368
2p*15:24
0:6
*ð0:1Þ10:6*

29
6*106

¼ 1:10*109m1:6
.
Pa:sec0:6
Wellbore storage,
CD ¼
k
meff
n∅ct

2ph
q
1n
r3nw

t
tD=CD

match
CD¼
1:10*109
0:6*0:1*1:45*109*

2p*15:24
0:000368
10:6
*ð0:1Þ30:6

0:1
1

match
CD ¼ 2:17
C ¼ 2phn∅ctr2wCD
¼ 2p*15:24*0:6*0:1*1:45*109*ð0:1Þ2*2:17ogelog plot for simulated case study.
Fig. 18. Match curve for simulated case study.
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.
Pa
Skin factor,
s ¼ 1
2
ln

CDe2s
CD

¼ 1
2
ln

1*109
2:17

s ¼ 9:97
 Direct synthesis technique.
Step 1: Make logelog plot ofDP and t*DPʹ vs t and identify the
characteristic lines (Fig. 17).
Step 2: Obtain equation of a straight line drawn through the
inﬁnite-acting ﬂow regime and estimate the value of the ﬂow
behavior index (n).
From the plot, v ¼ 0.1786
Recall,
v ¼ 1 n
3 n
n ¼ 1 3v
1 vz
1 3*0:1786
1 0:1786 ¼ 0:57
Step 3: Select a point on the early-time unit-slope line and
calculate wellbore storage coefﬁcient
t ¼ 0:0620 sec; DP ¼ 1:3*105Pa
C ¼ qBt
DP
¼ 0:000368*1:0*0:0620
1:3*105
C ¼ 1:76*1010m3
.
PaCD ¼
C
2phn∅ctr2w
¼ 1:76*10
10
2p*15:24*0:57*0:1*1:45*109*0:12
CD ¼ 2:22
Step 4: Estimate dimensionless storage coefﬁcient (u) and
interporosity ﬂow parameter (l) from early-time trough.
Escobar et al. [41] developed several correlations for u and l.
Estimated dimensionless parameters are:
u ¼ 0:02; l ¼ 0:00004
fu;l ¼ ð1 0:02Þ
2
2*0:00004
¼ 12005
Step 5: Estimate matrix ﬂuid mobility from inﬁnite-acting
line.
A point is selected on the inﬁnite-acting line with the
following values:

t*DP0w

r ¼ 8:2*105Pa; DPr ¼ 6*106Pa; tr ¼ 3*104 sec
b ¼ 2
3 n ¼
2
3 0:57 ¼ 0:8333
Eq. (12) is solved numerically using NewtoneRaphson tech-
nique to obtain:
k
meff
¼ 2:09*109m1:6
.
Pa:s0:6 ðfrom Eq: 12Þ
Step 6: Estimate skin factor from inﬁnite-acting line
s ¼ 11:61 ðfrom Eq: 14Þ
Step 7: Estimate distance to the closest fault.
Notice from the plot that: ðt*DP 0wÞCFz2ðt*DP
0
wÞr;
tinf ¼ 1.2*106sec
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Step 8: Estimate angle between the intersecting faults.
Recall Eq. (20),
q ¼ 360

t  DP0w

r
t  DP0w

qF
¼ 180

t  DP0w

CF
t  DP0w

qF
qz360
2104
1:2105z180
 4104
1:2105 ¼ 60

Step 9: Estimate distance to the second fault
dF2 ¼ 608m ðEq: ð28ÞÞ5.2. Field case study
Pressure falloff test was conducted in a well that was
completed in a heavy oil ﬁeld located in Colombian Eastern
plains basin [14]. Fig. 19 shows logelog plot of the pressure and
pressure derivative. Unfortunately, the rheological properties of
the heavy oil was not reported. However, non-Newtonian
behavior is observed and constant-pressure boundary effect
begins approximately 8 h (3 * 104sec) after the test commenced.
Therefore, the constant-pressure boundary model is used to
analyze this test. The following data are assumed for this
analysis:
rw ¼ 0:10m; h ¼ 9:144m; ct ¼ 1:305*109Pa; B
¼ 1:0 rm3
.
stm3; ∅ ¼ 25%; q ¼ 0:00092 m3
.
s
 Type curve matching technique
A type curve match (Fig. 20) was obtained with
CDe2s z 104.42, n ¼ 0.3, u ¼ 0.2, l ¼ 0.0003, and rD ¼ 450. A
match point is selected on the inﬁnite-acting line with the
following data: PD z 80, (DPw)r z 5.75 * 106 Pa,
(t)rz 1.5 * 105 secFig. 19. Pressure and pressure derivativeAt
tD
CD
¼ 1; t ¼ 110 sec
Matrix ﬂuid mobility,
k
meff
¼ 1:01*107m1:30
.
Pa:sec0:30
Wellbore storage,
C ¼ 1:41*106 m3
.
Pa
Skin factor,
s ¼ 0:025
 Direct synthesis technique.
Step 1: Make logelog plot of DP and t*DP
0
vs t and identify the
characteristic lines (Fig. 19).
Step 2: Obtain the equation of a straight line drawn through
the inﬁnite-acting ﬂow regime and estimate the value of the ﬂow
behavior index.
From the plot, v ¼ 0.2595
n ¼ 1 3v
1 vz
1 30:2595
1 0:2595 z0:30
Step 3: Select a point on the early-time unit-slope line and
calculate wellbore storage coefﬁcient
tz400 sec; DPz5*105 Pa
C ¼ 2:05*106 m3
.
Pa
Step 4: Estimate dimensionless storage coefﬁcient (u) and
interporosity ﬂow parameter (l) from early-time trough.
Using [41] correlation, estimated dimensionless parameters
are:
u ¼ 0:23; l ¼ 0:0003logelog plot for ﬁeld case study [14].
Fig. 20. Match curve for ﬁeld case study.
Table 2
Result summary for simulated case.
Parameter Input Type curve This study
n 0.60 0.60 0.57
k
meff
(m(1 þ n)/Pa.secn) 1.30  109 1.10  109 2.09  109
u 0.03 0.03 0.02
l 0.00005 0.00005 0.00004
s 10.00 9.97 11.61
dCF (m) 100 110 101
dFF (m) 600 620 608
O. Omosebi et al. / Petroleum 1 (2015) 318e341334Step 5: Estimate matrix ﬂuid mobility from inﬁnite-acting
line.
A point is selected on the inﬁnite-acting line with the
following values:

t*DP0w

rz1:5*10
6 Pa; DPrz5:75*106 Pa; trz1:5*105 sec
k
meff
¼ 1:12*107m1:3
.
Pa:s0:3 ðfrom Eq: ð12ÞÞ
Step 6: Estimate skin factor from inﬁnite-acting line
s ¼ 0:028 ðfrom Eq: ð14ÞÞ
Step 7: Estimate radius of investigation of water bank.
From the plot, constant-pressure is. ðDPwÞCPz7*106 Pa
Recall Eq. (21),
PwDðrD; tDÞz
1
v

b
2
bþv
r
2v
b
D  1

¼ b
2v

r
2v
b
D  1

From Eq. (1a),
PwDðrD; tDÞ ¼
ðDPwÞCP
q
2ph
n 
meff r1nw
kr
! ¼ 7*106
0:00092
2p*9:144
0:3 
0:110:3
1:12*107
!
¼ 106
In Fig. 20, late-time constant pressure from ﬁeld data
matched dimensionless plot at PD z 100
rinv ¼ 48 m ¼ 154:45 ft ðfrom Eq: ð22ÞÞ
rD;inv ¼
rinv
rw
¼ 48
0:1
¼ 480
As stated previously, ﬁeld data for this problem was matched
by type curve with rD ¼ 450.Tables 2 and3 summarizes the results for bothcase studies. For
the simulated case, estimated formation and ﬂuid properties
obtained fromthenewlyproposedmodel showsgoodmatchwith
the inputdata.Also, estimatedvalues fromouranalyticmodel is in
good agreement with estimates from manual type curve match-
ing technique. However, additional information was obtained
from our model. For the ﬁeld case, an excellent match was ob-
tained (Fig. 20). Computedparameters fromthis type curvematch
are reasonably close to the prediction from direct synthesis
technique that was developed in this study. The dimensionless
storage coefﬁcient (u) generally lie in the range 0(no fractures)
1(storage due to fracture) while the interporosity ﬂow parameter
(l) lie in the range 103(good connectivity)
109(poor connectivity) [24]. In the simulated case, results sug-
gest that the reservoirﬂuid ismainly stored in thematrixwith the
existing fractures showing good connectivity. In the ﬁeld case,
reservoir ﬂuid is mainly stored in the matrix, although well-
connected fractures contribute to ﬂuid storage.6. Conclusions
(1) New analytic models and type curves have been developed
for interpreting pressure falloff tests of noneNewtonian
Power-law ﬂuids in bounded dual-porosity reservoirs. The
proﬁle of the type curves shows strong dependence on ﬂuid
rheology, inner wellbore condition, reservoir boundaries and
formation heterogeneity.
Table 3
Result summary for ﬁeld case.
Parameter Type curve This study
n 0.3 0.3
k
meff
(m(1 þ n)/Pa.secn) 1.01  107 1.12  107
u 0.20 0.23
l 0.0003 0.0003
s 0.025 0.028
rinv (m) 45 48
C (m3/Pa) 1.41  106 2.05  106
O. Omosebi et al. / Petroleum 1 (2015) 318e341 335(2) Unique ﬂow characteristics were identiﬁed from the deriv-
ative plot and a new analytic technique of interpretation is
proposed using direct synthesis technique. Formation prop-
erties, ﬂuid rheology, well distance to near-by faults, angle of
inclination between faults and radius of investigation of
aquifers can be estimated from the newly-proposed scheme.
(3) Application of the analytic technique was demonstrated
through solution to twoproblems: a simulated case studyand
a ﬁeld case from pressure falloff test conducted in a heavy oil
reservoir in Eastern Colombia. The resultmatched reasonably
with conventional type curve matching technique.
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Nomenclature
B formation volume factor, rb/stb or rm3/stm3
c compressibility, psi1 or Pa1
C wellbore storage coefﬁcient, bbl/psi or m3/Pa
h formation thickness, ft or m
Ix modiﬁed Bessel function of ﬁrst kind
k formation permeability, mD or m2
Kx modiﬁed Bessel function of second kind
n ﬂow behavior index
P pressure, psi or Pa
q ﬂow rate, ft3 or m3
r radius, ft or m
s skin factor
t time, h or sec
z Laplace transform variable
a shape factor, ft2 or m2
q angle between two faults
l interporosity ﬂow parameter, fraction
m viscosity, psiehrneft1n or Paesecnem1-n
ø formation porosity, fraction
u dimensionless storage coefﬁcient, fraction
G(x) Gamma function
Subscripts
C closest
CP constant pressure
D dimensionless
eff effective
f fracture
F fault
i initial
inf inﬂectioninv investigation
m matrix
r radial
t total
w wellboreAppendix A. Review of governing equation
Using dimensionless groups in Eqs. (1a)e(1d) [33], presented
the following Laplace-space dimensionless PDE:
v2PD
vr2D
þ n
rD
vPD
vrD
 r1nD nzfzPD ¼ 0; (A-1)
Where, according to [26];
fz ¼ uð1 uÞzþ lð1 uÞzþ l
Review of the steps of linearizing the original PDE suggests
that the ﬂow behavior index ‘n’ was erroneously (probably a
typo) included in the third term of Eq. (A-1). Two supporting
reasoning justiﬁes this assertion:
First [29], had previously presented the following linearized
Laplace-domain PDE for radial ﬂow of noneNewtonian ﬂuids in
single-porosity reservoirs:
v2PD
vr2D
þ n
rD
vPD
vrD
 r1nD zPD ¼ 0 (A-2)
By substituting fz ¼ 1 (i.e. single-porosity) in Eq. (A-1), it
should reduce to Eq. (A-2). However, this is not so because of ‘n’
in the third term i.e.:
Second, the appropriate general solution for Eq. (A-1) is:
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(A-3)
However, Olarewaju presented the following general solution
for this same problem:
PDðrD; zÞ ¼ r

1n
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1n
3n
 2
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(A-4)
Eq. (A-4) is the general solution for Eq. (A-1) when ‘n’ is
omitted from the third term. For these reasons, the linearized
PDE for radial ﬂow of non-Newtonian ﬂuids in naturally-
fractured systems is:
v2PD
vr2D
þ n
rD
vPD
vrD
 r1nD zfzPD ¼ 0 (A-5)
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and is expressed as:
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Where, b ¼ 23n and v ¼ 1n3nAppendix B. Analytic solutions
Inﬁnite-acting outer boundary
The initial and boundary conditions for this case study are:
Initial condition: PDðrD;0Þ ¼ 0
Inner boundary condition:
CDzPwD 
 
rD
vPD
vrD
!
rD¼1
¼ 1
z
; tD >0 (B-1)
PwD ¼
 
PD  s
 
rD
vPD
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!!
rD¼1
; tD >0 (B-2)
 Outer boundary condition: PDð∞; tDÞ ¼ 0
Recall the general solution:
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Using the inner and outer boundary conditions above, Olar-
ewaju (1992) presented the following wellbore pressure solution
(in Laplace space) for skin and wellbore storage-dominated ﬂow:PwDð1; zÞ ¼
Kv

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
þ s
ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
z
h ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
þ CDz
n
Kv

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
þ s
ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p oi (B-4)Away from the wellbore, Laplace-space pressure solution for
the same inner and outer boundary conditions is:PDðrD; zÞ ¼
r
v
b
DKv

b
ﬃﬃﬃﬃﬃﬃ
zfz
p
r
1
b
D

z
h ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
þ CDz
n
Kv

b
ﬃﬃﬃﬃﬃﬃ
zfz
p 
þ s
ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p oi (B-5)For Newtonian ﬂuid ﬂow in single-porosity reservoirs, n ¼ 1
(i.e. v ¼ 0, b ¼ 1); u ¼ 1 (i.e. fz ¼ 1).
If s¼ 0 (i.e. no formation damage) and CD¼ 0 (i.e. no wellbore
storage),8>><
>>:
PwDð1; zÞ ¼
K0
 ﬃﬃ
z
p 
z
ﬃﬃ
z
p
K1
 ﬃﬃ
z
p 
PDðrD; zÞ ¼
K0
 ﬃﬃ
z
p
rD

z
ﬃﬃ
z
p
K1
 ﬃﬃ
z
p 
(B-6)
This is the same solution that was obtained by Ref. [42].
For Newtonian ﬂuid ﬂow in dual-porosity reservoirs, v ¼ 0,
b ¼ 1. If s ¼ 0 and CD ¼ 0,
8>>>><
>>>>:
PwDð1; zÞ ¼
K0
 ﬃﬃﬃﬃﬃﬃﬃ
zfz
p 
z
ﬃﬃﬃﬃﬃﬃﬃ
zfz
p
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 ﬃﬃﬃﬃﬃﬃﬃ
zfz
p 
PDðrD; zÞ ¼
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 ﬃﬃﬃﬃﬃﬃﬃ
zfz
p
rD

z
ﬃﬃﬃﬃﬃﬃﬃ
zfz
p
K1
 ﬃﬃﬃﬃﬃﬃﬃ
zfz
p 
(B-7)
This solution was presented by Ref. [38].No-ﬂow outer boundary
Initial and inner boundary conditions for this case study are
the same as the previous case study. However.
Outer boundary condition:
 
vPD
vrD
!
rD¼reD ; z
¼ 0
Using these boundary conditions in the general solution (i.e.
Eq. (B-3)), it can be shown that:8>><
>>:
PwDð1; zÞ ¼
Az þ sBz
z½Bz þ CDzðAz þ sBzÞ
PDðrD; zÞ ¼
Cz
z½Bz þ CDzðAz þ sBzÞ
; (B-8)
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Az ¼
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Special cases of this solution can be compared with previous
studies. For Newtonian ﬂuid ﬂow in single-porosity reservoirs,
v ¼ 0, b ¼ 1. If s ¼ 0 and CD ¼ 0,
8>><
>>:
PwDð1; zÞ ¼
I0
 ﬃﬃ
z
p 
K1
 ﬃﬃ
z
p
reD
þ K0 ﬃﬃzp I1 ﬃﬃzp reD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ﬃﬃ
z
p 
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 ﬃﬃ
z
p 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p
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 ﬃﬃ
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 ﬃﬃ
z
p
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 I1 ﬃﬃzp K1 ﬃﬃzp reD
(B-9)
This solution was obtained by Ref. [42].
For Newtonian ﬂuid ﬂow in dual-porosity reservoirs, v ¼ 0,
b ¼ 1. If s ¼ 0 and CD ¼ 0,8>>>><
>>>>:
PwDð1; zÞ ¼
I0
 ﬃﬃﬃﬃﬃﬃ
zfz
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(B-10)This solution was presented by Ref. [38].
For non-Newtonian ﬂuid ﬂow in single-porosity reservoirs,
fz ¼ 1. If s ¼ 0 and CD ¼ 0,8>>>>>><
>>>>>>:
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This solution was recently presented by Ref. [37].
Constant-pressure outer boundary
Initial and inner boundary conditions are also the same as
inﬁnite-acting outer boundary case. However,
Outer boundary condition: PDðreD; zÞ ¼ 0
Using these boundary conditions in the general solution (i.e.
Eq. (B-3)), the particular solution is:8>><
>>:
PwDð1; zÞ ¼
Tz þ sUz
z½Uz þ CDzðTz þ sUzÞ
PDðrD; zÞ ¼
Vz
z½Uz þ CDzðTz þ sUzÞ
; (B-12)
Where,
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1
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Special cases of this solution are also compared with previous
studies. For Newtonian ﬂuid ﬂow in single-porosity reservoirs,
v ¼ 0, b ¼ 1, fz ¼ 1. If s ¼ 0 and CD ¼ 0, (B-11)
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(B-13)
This solution was derived by Ref. [42].
For Newtonian ﬂuid ﬂow in dual-porosity reservoirs, v ¼ 0,
b ¼ 1. If s ¼ 0 and CD ¼ 0,8>>>><
>>>>:
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(B-14)For non-Newtonian ﬂuid ﬂow in single-porosity reservoirs,
fz ¼ 1. If s ¼ 0 and CD ¼ 0,8>>>>>><
>>>>>>:
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(B-15)This solution was presented by Ref. [37].
Appendix C. Long-time approximate solution for inﬁnite-
acting system
For non-Newtonian ﬂuid ﬂow in an inﬁnite-acting dual-
porosity reservoirs without formation damage and wellbore
storage, s ¼ 0 and CD ¼ 0. Therefore,
PDðrD; zÞ ¼
r
v
b
DKv

r
1
b
Db
ﬃﬃﬃﬃﬃﬃ
zfz
p 
z
ﬃﬃﬃﬃﬃﬃ
zfz
p
Kb

b
ﬃﬃﬃﬃﬃﬃ
zfz
p  (C-1)
Using Taylor's series expansion it can easily be showed that
[37]:
Kvð4Þ
KbðεÞz
GðvÞ
GðbÞ
4
2
vε
2
b  1
v
4
2
vε
2
b þ… (C-2)Since fz is a function of z,
f sz ¼

1þ uð1 uÞz
l
s
1þ ð1 uÞz
l
s
z1 sð1 uÞz
l
þ suð1 uÞz
l
þ…
(C-3)For large times, z is small hence z2 and higher orders are
neglected.
f szz1
sð1 uÞ2
l
zþ… (C-4)
Simplifying further and inverting term-by-term, it can be
shown that:
PDðrD; tDÞz

b
2
bv 1
GðbÞ

tvD
v
þ fu;ltbD

 ðb vÞfu;l

b
2
bv
 1
GðbÞ
"
tbD þ
fu;lGðvÞtðbþ1ÞD
GðbÞ
#
 1
v
r
2v
b
D

b
2
bþv
;
(C-5)
This is the real-space solution at large times.
At the wellbore, rD ¼ 1
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PDð1; tDÞz
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GðbÞ

tvD
v
þ fu;ltbD
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(C-6)
Derivative form of Eq. (C-6) is:
tD*P
0
wD ¼

b
2
bv 1
GðbÞ
h
tvD  bfu;ltbD
i
þ ðb vÞfu;l

b
2
bv
 1
GðbÞ
"
btbD þ ðbþ 1Þ
fu;lGðvÞtðbþ1ÞD
GðbÞ
#
;
(C-7)
Where,
fu;l ¼ ð1 uÞ
2
2l
; b ¼ 2
3 n; v ¼
1 n
3 n; ns1
With formation damage (i.e. skin) included in Eq. (C-6),
PDð1; tDÞz

b
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(C-8)
At the wellbore, pressure derivative of the long-term solution
is:
tD*P
0
wD ¼

b
2
bv 1
GðbÞ
h
tvD  bfu;ltbD
i
þ ðb vÞfu;l
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#
;
(C-9)
For non-Newtonian ﬂuid ﬂow in single-porosity reservoirs,
u ¼ 1 (i.e. fu,l ¼ 0)
8>>>>>><
>>>>>>:
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; (C-10)
Substituting for v and b,8>>>>>>>><
>>>>>>>>:
PwDð1; tDÞ ¼
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(C-11)
This is the same solution obtained by Ref. [28].Appendix D. Well located near boundaries in an inﬁnite
system
Using the principle of superposition in space (image wells),
the pressure derivative equation of a well located near boundary
is:
_PwDðrD; tDÞ ¼ PwDð1; tDÞ þ
XN
i¼1
PDiðrDi; tDÞ (D-1)
Where,
Number of Image Wells; N ¼ 360
Angle between faults
 1
¼ 360
q
 1
Well near a single fault
If the well is near a single fault, N ¼ 1. In Laplace space,
_PwDðrD; zÞ ¼ PWDð1; zÞ þ PDðrD; zÞ (D-2)
For s ¼ 0 and CD ¼ 0,
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Therefore,
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(D-5)
This shows that the pressure derivative footprint of the
closest fault is twice the pressure derivative of the inﬁnite-acting
ﬂow regime line at large times.SI metric conversion factors
bbl x 1.590 E01 ¼ m3
cp x 1.000* E03 ¼ Pa.s
ft x 3.048* E01 ¼ m
md x 9.869 E04 ¼ mm2
psi x 6.895 Eþ03 ¼ Pa
*Conversion factor is exact.Well near two faults intersecting at angle q
Using Eq. (D-1), it can be shown that:
Case 1. For q ¼ 90, N ¼ 3.
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(D-6)
Case 2. For q ¼ 60, N ¼ 5.
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Case 3. For q ¼ 45, N ¼ 7.
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Generally,
PDðrD; tDÞ ¼ ðNþ1Þ
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(D-10)Well near constant-pressure boundary.
_PDðrD; zÞ ¼ PWDð1; zÞ  PDðrD; zÞ (D-11)
For s ¼ 0 and CD ¼ 0,
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